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1 Introduction 

Representations of every bialgebra form a tensor category. Faddeev, Reshetikhin, and 
Takhtajan [TU] constructed some bialgebras, called FRT bialgebras, by means of constant 
R-matrices, solutions to the quantum Yang-Baxter equation (QYBE for short) [TJ [51 [571 
[28] . This FRT construction is categorically characterized as follows. The tensor category 
of L-operators for the R-matrix R is isomorphic to that of representations of the FRT 
bialgebra associated with R. 
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The FRT construction for the dynamical R-matrix, a solution to the quantum dynam- 
ical Yang-Baxter equation (QDYBE for short) [71 [Til [12], was developed in [9l Sections 
4.1, 4.2, and 4.4]. This construction yields bialgebroids [31 [TH [^ called dynamical 
quantum groups, each of which provides a tensor category consisting of its dynamical 
representations. This tensor category is isomorphic to that of L-operators. 

In addition, the FRT construction for the Yang-Baxter map [HI HZl [Ml [2S] , a set- 
theoretical solution to the QYBE, was studied in [8l Section 2.9]. 

The notion of a dynamical Yang-Baxter map was introduced in previous papers [191 
[20] as a generalization of the Yang-Baxter map. Let H and X be nonempty sets, together 
with a map {■) : H x X ^ {\, x) ^ \ ■ x & H . 

Definition 1.1. A map R{X) :XxX^XxX{\£ H) is a dynamical Yang-Baxter 
map associated with H , X, and (•), iff the map R{X) satisfies a version of the QDYBE. 

i?23(A)i?13(A . X(2))i?12(A) = i?12(^ . x(3))i?13(A)i?23(A . X'^^^) (VA £ H). (1.1) 

Here, R^^iX), R^^{\ ■ X^^)), and R'^'^{X ■ X'^^l) are the following maps from X x X x X 
to itself: for x,y,z E X, 

R^\\){x,y,z) = (i?(A)(x,y),z); 

R'^X ■ X(3))(a;, y, z) = R'^{X • z){x, y, z) = (i?(A ■ z)(x, y), z); 
R^\X-X^^^){x,y,z) = {x,R{X-x){y,z)). 

The other maps are similarly defined. 

A generalization of the bijective 1-cocycle [H [ITl [22] gives birth to the dynamical 
Yang-Baxter map. In [19j . we constructed dynamical Yang-Baxter maps by means of 
the groups and loops (THl Definition 1. 1.10]. Moreover, the paper [201 established a 
characterization of the dynamical Yang-Baxter maps with some conditions by making 
use of left quasigroups and ternary operations (See Section [3]) . 

It is natural to try to apply the FRT construction to the dynamical Yang-Baxter 
map. 

In this paper, we propose notions of an (iJ, X)-bialgebroid and of its dynamical 
representation. The dynamical representations of each [H, X)-bialgebroid form a tensor 
category; the proof is based on some concepts in category theory. We construct an 
(iJ, X)-bialgebroid Ar associated with a bijective dynamical Yang-Baxter map R{X). 
This is an analogue of the FRT construction. We show that the tensor category of 
dynamical representations of Ar is isomorphic to that of L-operators for R{X). 

The organization of this paper is as follows. In Section [2] we introduce a C-linear 
tensor category Yectn, which plays a basic role in this paper (cf. the category Vf, [H 
Section 3.1] and the dynamical category [SJ Section 4.2]). 

We assume that every translation map -x : H ^ X ^ X ■ x E H [x E X) is bijec- 
tive. This assumption produces a group anti-isomorphic to the subgroup of Aut(i?) 
generated by the set G X}. In Sectional we propose a notion of an {H,X)- 

algebra (Definition 14. 2p , which is similar to that of a x -graded algebra. A 
major difference between them is that the {H, X)-a.\gehra is not always a direct sum of 
its homogeneous components (See the end of Section [7]). 
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The category Alg^^ j^-^ consisting of (i?, X)-algebras and their homomorphisms is a 
pre-tensor category (Definition 16. 1|) , a generalization of the tensor category. We define 
an {H, X)-bialgebroid as an analogue of the coalgebra object of the tensor category. 

Definition 1.2 fPcfinition 16. 8p . An (iJ, A)-bialgebroid A is an object of the category 
Algf^fj x)i together with morphisms A : A ^ A^A and e : A ^ Ih,x of PAgi^^j x) such 
that: 

o^A,A.A ° A(X)idyi o A = a^^^_^ o id^0A o A; 
Ia o e<Xiidyi o A = id^ = t'a ° iA.A®s o A. 

For the object Ih.x, the functor 0, and the natural transformations a', , I, r, see 
Sections [5] and [6l This (iJ, A)-bialgebroid is a bialgebroid f Remark 16. 9p . 

We assume that the set X is finite. In Section [3 we construct an (i?, X)-bialgebroid 
Ah associated with a bijective dynamical Yang-Baxter map R{X) satisfying the weight 
zero condition p.4p . 

Let DH,xiV) {V e Ob(Vectij)) denote the (iJ, X) -algebra defined in Section[l(See 
Proposition 14 . 7[) . By a dynamical representation of an {H, A)-algcbra A, we mean a pair 
(y, tt) of an object V of Vect// and an {H, X)-algebra homomorphism n : A Dh,x{V) 
(See Section [S]). 

In Section [HI we first define a crucial (i/, X)-algebra homomorphism 

Dh,x{V)^Dh,x{W) ^ Dh,x{V^W) {V, W £ Ob(Vect^^)), 

whose definition is a bit technical, because we make use of seemingly infinite sum oper- 
ations (Proposition 19. 2|) . With the aid of this canonical homomorphism, we show that 
dynamical representations of each {H, X) -bialgebroid A form a tensor category DR(A) 
(Theorem I9.7|) : Section (TU] describes its proof, in which the pre-tensor categories, cat- 
egorical bialgebroids f Definition 16. 7p . and pre-tensor functors (Definition 110. 4p play an 
essential role. 

The tensor category Vect//, together with a bijective dynamical Yang-Baxter map 
R{X) satisfying the weight zero condition (|3.4p . yields another tensor category Repi?, 
called a centralizer category (cf. [23j Proof of Theorem 3.7]), consisting of L-operators 
for i?(A) (See Section [3]). In the final section. Section [11] we prove our main result. 

Theorem 1.3 ( CoroUarv 111.13]) . The tensor categories Repi? and DK{Ai^) are canon- 
ically isomorphic with each other. 

To end Introduction, it is worth pointing out that we do not need (jl.ip in Sections [7] 
andfTTl A role of (jl.ip . a version of the QDYBE, is to imply that the tensor categories 
Repi? and DK{Afi) are non-trivial in general (See Remark l3.9p . 

Conventions. For a set V, we will denote by CV the C-vector space whose basis is V. 
Its element g will be written as 

g=^vgy (1-2) 

with complex coefficients gy. For two sets V and W, a C-linear map / : CV CW will 
be identified with its matrix {fwv)(w.v)£WxVj we will use the notation 
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with complex coefficients /, 



2 C-linear tensor category Vectn 

Let if be a nonempty set. A C-linear tensor category YectH, which we will introduce in 
this section, plays a basic role in this paper. We follow the notation of [TU Chapter XI] . 

An object of Vect_f/ is, by definition, a pair {V, -v) of a nonempty set V and a map 
■y : H X V 3 {X,v) 1^ X -v V E H. For simplicity of notation, we write (•) and V instead 
of -v and {V, -y), respectively. Furthermore, we denote X ■ v {X & H,v £ V) briefly by 
Xv. Ob(Vect//) is the class of all objects of Vectn- 

Let V and W be objects of Vectn- A morphism f : V ^ W of Vectn is a map 
f : H ^ Homc(Cy, CW) such that 

Aw = Xv, unless /(A)„^ =0 {X e H,v e V,w e W). (2.1) 

For the complex number f{X)wv, see (|1.3I) . Let Hom(Vect_f/) denote the class of all 
morphisms of Vect/f . For the morphism f : V ^ W, the objects V and W are called the 
source s(/) and the target b{f), respectively. 

For each object V of Vectfj, define the map idy : H Homc(CV, CV) by idv(A) = 
idc\/- 

Let / and g be morphisms of Vcct/f satisfying b{f) — s(g). We define the composition 
.go/eHomvcct„(s(/),%)) by (.9 o /)(A) = g(A) o /(A) {XeH). 

Proposition 2.1. Vectn is a category of Ob(Vect/f ) and Hom(Vect//), together with 
the identity id, the source s, the target b, and the composition o. 

The next task is to explain a tensor product ® : VectH x Vectn Vectjj. Let 
V and W be objects of the category Yectn- We define the set F^H^ and the map 
■v§,w ■■ H X {V®W) -> H by: 

V®W = V xW] 

^ 'v^w (^'j w) ^ {X -w w) -v V {X e H,v eV,w e W). 

Clearly, the pair y(g)Ty :— {V^W, -y^w) is an object of VectH- 
We may identify 

C{V^W) = CV (E)CW (2.2) 

hy {v,w) = V w {v £V,w £ W). 

Let / and g be morphisms of the category Yectn- We denote by f^g the following 
map from H to Homc(C(s(/)®s(g)), C(6(/)®5(5))) (See (lO) ). 

/0g(A)(«, t;) = /(A«)(u) ® g(A)(«) (A e i7, « e s(/), € sig)). 

Proposition 2.2. /®5 e Uomy^ct „{s{f )®s{g),b{f )iS)b{g)). 

Proof. It is sufficient to prove that f(S>g satisfies (|2.ip . Because of (|2.ip for the morphism 
g, A • = A • W2, unless giX)^-^^^ — 0; hence, 

(ill ,l>l)(lt2,l'2) - /(A 5(A) Hi 112 
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U1U2 3(A) V1V2 ■ 

On account of (|2.ip for the morphisms / and g, A • {ui^vi) = A • {u2,V2), unless 
(/®3)(A)(«i,«i)(«2,f2) = 0- This completes the proof. □ 

The associativity constraint a : x id) (i)(id x (g)) is given by 
au.v,wWiiu,v),w) = (m, {v,w)) 

(U, V,We Ob(VectH), A e ff, ((m, v), w) e (/7(8V)®WK). 

Let /voctjf denote the set consisting of one element, together with the map -/vcct^ • 
H X /vccta defined by A -/vcotf, e = A (A e iJ, /voct^j = {e}). The pair /vcct« := 

{IvcctH 7 -/voota ) is an object of Yectn- 

The left and the right unit constraints I : i§)(/vcctff x id) ^ id, r : (§)(id x /vcctff ) ^ id 
with respect to /vcctff are given by 

(A)(e, v) = ry (A)(w, e) = u 
G Ob(VectH), A e i/, e V^, /vcct„ = {e}). 

Proposition 2.3. (Vect//, (g), /vcctff , a, ^7 ?") *s a tensor category. 

This tensor category Vect^ is also a C-linear category. 
Proposition 2.4. Every Homvcctif W) is a C-vector space with respect to: 
(/ + .9)(A) = /(A)+.g(A); 

(c/)(A) = c/(A) (A e HJ,g e Homycct^ (V^, W^), c £ C). 

/n addition, both the composition and the tensor product are C-bilinear. 

We will show some objects and morphisms of Vectff. Let V = {V, •) be an object of 
Yectn- 

Proposition 2.5. For any nonempty subset S d V , S :— {S,-s) is again an object 
of Yectn- Here -3 is the restriction of (•) on the set H x S; that is, A -5 s — X ■ s 
iXeH,se S). 

For V €V, we denote by i^^^ : {v} V and p^^y : V {v} the following morphisms 
of Vectff. 

i\;\\)iv)^v, p[„j(A)H =<5™« i\eH,weV). (2.3) 
Here Syw is Kronecker's delta symbol. These morphisms satisfy 

P{-'}°'v -\0{„,H„}, otherwise. ^^'^^ 

Here, 0{y'}{y-j is the unit element of Homvoctff {{v}, W})- Moreover, if the set V is finite, 
then 

J2^\;Kpl^=idv. (2.5) 

vev 
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Let V = {V,-v) and W = {W,-w) be objects of Vect// such that \V\ = \W\ = 1. 
From (|2.ip . V is isomorphic to M^, if and only if 

\-vv^\-ww (\i\eH;V = {v},W = {w}). (2.6) 

In fact, the foUowing b]^ : V ^ W is 'aw isomorphism, if V and W satisfy ()2.6I) . 

4(A)(?;)=7« (Aei/). (2.7) 

3 Centralizer categories 

Let {C,(i$,Ic,aJ,r) be a tensor category [Mj Definition XI.2.1]. This section clarifies 
that this tensor category C, together with an object Xc and a morphism a : Xc<8Xc 
Xc €5 Xc, gives birth to another tensor category Repcr consisting of L-operators for the 
morphism a. We call it a centralizer category (cf. the center [HI Section XIIL4]). 
Our centralizer category is isomorphic to the one in 23, Proof of Theorem 3.7] as tensor 
categories, if ct is a Yang-Baxter operator on Xc (Definition [3T3|) in the tensor category of 
vector spaces. As a corollary of this construction, the tensor category Vector in Section 
[5] produces the centralizer category Rep R of L-operators for the bijective dynamical 
Yang-Baxter map i?(A) satisfying the weight zero condition (|3.4p . 

We will first introduce a category Repcr. An object of Repcr is, by definition, a pair 
(y, Lv), called an L-operator, of an object of C and an isomorphism Ly '■ V Xc 
Xc ^VoiC satisfying 

axcXc.v o (cr idy) o a^^^ Xcy ° (idxc ^v) ° axc,v,Xc ° (Lv ® idxc) 

(idxc ® Lv) o axc.v.Xc ° (Lv ® idxc) ° o-v]xc,Xc ° (i'^^ ® <y) o 

°av,Xc.Xc- (3-1) 

Let Ob(Rcp cr) denote the class of all objects of Repa. 

Let Ly ~ (V, Ly) and L\y = {W, Lw) be objects of Rep a. A morphism / : Ly L^y 
of Rep cr is a morphism f : V ^ W oi C such that 

{idxc^f)oLy = Lwo{f^idxc)- (3.2) 

We write Hom(Rep cr) for the class of all morphisms of Rep a. 

For a morphism / : Ly — ^ Lw of Rep cr, the objects Ly and Lw are called the source 
s{f) and the target b{f) of the morphism /, respectively. 

We define the identity id of Rep cr by idi^, — idy. The composition 5 o / : s(/) b{g) 
of morphisms / and g of Rep cr is the same as that of the category C. 

Proposition 3.1. Repcr is a category. 

The next task is to give a tensor product M : Rep a x Rep cr Rep cr. Let Ly = 
{V,Ly) and Lw = {W,Lw) be objects of the category Repcr. Write 

LyMLw = axcv.w ° (Ly ^^dw) ° ay^^^^^ o (idy ® Lw) o ayw,Xc 

e llomc{{V(g>W)(E)Xc,Xc(E)iV(g>W)). (3.3) 
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To simplify notation, we use the same symbol Ly Kl Lw for the pair {V (8) W, Ly Kl Lw)- 
Let / : Lv Lw and g : Ly Lw' be morphisms of Rep a. We set fMg = f(^gG 
Bomc{V 'EiV',W >»W'). Since / and g satisfy dSSl), f^g& UomB,ep a {Ly ^ Ly , Lw ^ 
Lw')- 

We write L/^ = r^^ o : /c "X) ^ -'^^c ® e Hom(C). Here, Ixc ■ Ic ® Xc ^ 
Xc and rxc ■ ® Ic ^ are the isomorphisms given by the left and the right unit 
constraints l,r of C. Let iRopo- denote the pair {Ic,Lj^). 

The associativity constraint a : x id) Kl(id x Kl), and the left and the right 
unit constraints I, r are defined by those of the tensor category C: aLu,Lv,Lw — o.u,v,Wi 
hv = W, and = ry. 

Proposition 3.2. {Keji a,M, iB^cpa, CL,l,r) is a tensor category. 

Proof. For any pair (V, W) of objects of C, ly^w ° aic,v,w = ly ® id^y and idy ® rw ° 
ay.wjc = fv^w (See Lemma XL2.2]), which imply (|3.1|) for Lj^ and (|3.2|) for 
and r^j, . The rest of the proof is straightforward. □ 

Let us introduce the notion of a Yang-Baxter operator in C (See [111 pp.323]), which 
produces an object of Reptr. 

Definition 3.3. An automorphism a on Xc ® Xc is a Yang-Baxter operator on Xc, iff 
a satisfies 

(id(8)cr)a(o-®id)a~"^(id(8)o-)a = a(cr®id)a^"^(id(8)(T)a((T(8)id). 
Here, a = axc,Xc,Xc and id = idxc- 

Proposition 3.4. (Xc,cr) G Ob(Rep(T), if and only if a is a Yang-Baxter operator on 
Xc. 

We now explain the category Repi?. Fix a nonempty set H. Let X be a nonempty 
set, together with a map {■) : H x X 3 {X, x) ^ X ■ x <E H . It is clear that 

Proposition 3.5. X = {X, •) e Ob(VectH). 

Let -R(A) (A e H) be a bijective dynamical Yang-Baxter map (Definition II. ip satis- 
fying the weight zero condition (cf. \TT). 

{X-v)-u^{X-x)-y, if{u,v)^R{X){x,y) {X€H,x,yGX). (3.4) 

Remark 3.6. The weight zero condition ()3.4|) is a generalization of the invariance condi- 
tion in [201 (3.4)]. 

This dynamical Yang-Baxter map i?(A) produces a Yang-Baxter operator on X in 
the tensor category Yectn- Let aji denote the map from H to Homc(CX(g)X, CX(g)X) 
defined by 

aR{X){x,y)^R{X){y,x) {X e H, ix,y) e X^X). (3.5) 
Proposition 3.7. The above map an is a Yang-Baxter operator on X in Yectn. 

From Propositions [33 [33 [SH and[3Jl 
Proposition 3.8. Repi? :— Repcrj^ is a tensor category, together with an object (X, ct/j). 
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Table 1: The binary operation (•) on Qs 

Remark 3.9. If tJ(^) > 2, then the objects IrcpR and (X, (tr) are not isomorphic; hence, 
Rep R is non-trivial. 

In [191 Section 6], we constructed bijective dynamical Yang-Baxter maps satisfying 
the weight zero condition in the case that H — X (See Remark 13. 6p . The following is 
one more example, which is useful in Section [T] 

Let denote the set {0, 1, 2, 3, 4} of 5 elements with the binary operation (•) given 
by Table [H Here, 0-2 = 2. Since each element of Q5 appears once and only once in 
each row and in each column of Table [U this Q5 is a quasigroup [18|, Definition 1. 1.1 and 
Theorem 1.1.3]. 

Definition 3.10. A nonempty set Q with a binary operation (•) is a quasigroup, iff the 
translation maps a- and -a on Q are bijective for all a £ Q: 

a- : Q 3 X ^ a ■ X E Q; ■a:Q3x\^x-aEQ. (3.6) 

Let fjL denote the ternary operation on l^jhlj defined by 

/i(a, b, c) = a — b + c {a,b,c E Z/5Z). 

The isomorphism tt : (55 9 a a G Z/5Z, together with the quasigroup and the 
ternary system (Z/5Z,/x), gives birth to a bijective dynamical Yang-Baxter map R^^{X) 
associated with Q^, Qs, and (•) satisfying the weight zero condition pOl Section 3]. In 
fact, the dynamical Yang-Baxter map i?'^^ (A) is defined as follows: for X,a,b € Q5, 

i?«=(A)(a,5) = (r,;,(6)(a),a(a)(6)), 

6(a)(&) = A \ 7r-i(/i(7r(A),^(A • a),^((A • a) ■ b))), 

rj^ma)^{X-Uam)\{{X-a)-b). 

Here we denote hy a\ : 3 b ^ a \ b E {a E Q^) the inverse of the translation 
map a- (|3.6p on Q5. Moreover, R^^{X) satisfies the unitary condition [5D1 Section 7] and 
really depends on the parameter A: 

i?«^(0)(l,2) = (4,3) andi?'3=(l)(l,2)-(4,2). (3.7) 

4 {H, X)-algebras 

Let H and X be nonempty sets, together with a map {■) : H x X 3 {X, x) ^ X - x E H . In 
order to define {H, X)-bialgebroids, this section is devoted to introducing {H, X)-algebras 
(cf. l)-algebras [Sllllj), which form a category Algf^f^^^y 
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From now on wc make the following assumption. For any x E X , the translation map 

■x: H3\^\-xeH (4.1) 

is bijective. For example, every quasigroup Q (Definition I3.10p satisfies the assumption 
in the case that H = X ~ Q. 

This assumption produces a group Wx acting faithfully on the set H from the right. 
By the assumption, the translation map -x (|4.ip is an element of the group Aut'^{H) 
of all bijections on the set H, together with the product fg^g°f{f,gE Aut°-{H)); 
hence, there exists a unique homomorphism F from the free group Wx on the set X to 
Aut'^{H) such that F{x){X) — X - x for X G H and x G X (This symbol F is a temporary 
notation). Let A e iJ and a G Wx- We denote by A • a the element F{a){X) G H. This 
(•) is a right action of Wx on H, and consequently the factor group Wx of Wx by the 
kernel {p G Wx', X- (3 = X (VA G H)} acts faithfully on H. For simplicity of notation, we 
write the induced right action of Wx as Aa (A G iJ, a G Wx). 

Proposition 4.1. Wx ~ i^xi') '^^ object o/Vcct//. 

Let Mh denote the C-algebra of all C-valued functions on H. 

Definition 4.2. A unital C-algebra A, together with a set {Aa.fs; a,(3 E ^x} consisting 
of C-subspaces of A and C-algebra homomorphisms iJ.f,n^ : Mh — > A, is called an 
(H, X)-algebra, iff: 

(1) ^ = J2a,l3eW^ ^a,f3; 

(2) Aa,f}A^^s C Aay^ps (Va,/3,7,,5 G W^#); 

(3) U e Aix, 

(4) nf{f),fj,:^{f) G for any / G Mh, and 

t^fif)fiH9) = f^ri9)t^fif) i^LgeMH); (4.2) 

(5) if a G Aa.p, then 

a^lt{f)=^,t{TM))a, B.nda^l^{f)^^l^{Tp{f))a iVfeMn). (4.3) 

Here, 1 is the unit element of the factor group Wx ■ 7a(/) G Mh is defined by 

r„(/)(A) - /(Aa) (A Gil). (4.4) 

In this paper, C-algebra homomorphisms always respect the unit element. We note 
that the sum in (1) is not always a direct sum (See the end of Section[7]). 

Definition 4.3. The map ip : A B is a.n (iJ, X) -algebra homomorphism, iff is a 
C-algebra homomorphism such that 

v(^a,/3) C Ba,i3, if o = , and ipo = IJ,f. 
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We will denote by Ob(Alg(jj j^-,) and Hom(Alg(^ j^-,) the classes of all {H, X)-algebras 
and of all (H, X)-algebra homomorphisms, respectively. 

Proposition 4.4. Alg^^ is a category. 

We give a construction which assigns an {H, X)-algebra Ay^,H to any unital C-algebra 
A, together with C-algebra homomorphisms iJ,f,n^ : Mh — > A satisfying (|4.2p . Let 
{A^^H)a,i3 {a,P e ^x) denote the set of all elements a of A satisfying (|4.3p . This is a 
C-subspace of A, and A-^^h := /Jew" )q,/3 with fif and /i^ is an (i?, Ar)-algebra. 

The unital C-algebra E{V) := Endc'lMapfiJ, CV)) G Ob(VectH) has the following 
C-algebra homomorphisms fif'"'^\fir^^^ ■ Mh E{V): 

^^f^''\f)i9){\) = J2vfi\v)giXU (4.5) 

vev 

A^f''n/)(.9)(A)-/(A).9(A) (4.6) 
(XeHJ e AIh,9 e Map(iJ, CV)). 

For g{\)v G C, see (|1.2p . Because these homomorphisms satisfy (|4.2I) . we obtain an 
(i?, A:)-algebra E{V)yyH. 

To end this section, we assign to any object V of the category Vectn an object 
Dh,x{V) of Alg(^ jfj, which produces a dynamical representation in Section [51 

Let a and (3 be elements of the group . We define the C- linear map F^^ : 
HomvoctH {V^{P}, {a}<^V) Endc(Map(i?, CV)) (See Proposition [13) by 

rr,/3(u)(.9)(A) = 51 " 51 "(A)(a,t.)(«;,/3)5(A/3)» 

(u e Homvcct„ {V^{P}, {a}^V),g G Map(i7, CV), XeH). 
For {a} and u{X)(^a,v)(w,i3}: see Propositions 12.51 [ITTl and (|1.3p . respectively. 
Proposition 4.5. F^^ is injective. 

We write -D/f jc (y)Q_/3 for the image of the map F^^. 

Let u e HomvectH(V(8){/3}, {a}®y) and w e Homyectj, (^®{<5}, {7}<t'"^^) (a,;5,7, i5 e 
W^). Write u*y v for the following morphism of Vect// whose source is V^{f}6} and 
whose target is {a'y}(^V. 

ovm{p} o a-\sy^f^^ o idy®i{S{/3}- (4.7) 

For i\l\f''\seem- 

The proof of Proposition 14.61 is straightforward. 

Proposition 4.6. rl^{u)Tls{v) = T^^.^a^l" *v «)• 

From this proposition, DH,xiV)a,[3DH,xiV)-y.s C -Dff,js:(^)Q7,/35; furthermore. 
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Proposition 4.7. Dh,x{V) Ea,;3eVKf ^h.^(^)",/3 '"^^^ (EH* 

and /i^"'^'-^-' := fir'^^^ \4-(}\ an object of K\g^^ x)- 

DH.x{V)a,s is relevant to i^H.xll^)/?, 7 (a,/3,7,(Se M/'x)- Let / be an element of M^- 
If a,/3 G satisfy that Aa — A/3 unless /(A) = 0, then we can define the morphism 
/a,/3 : m ^ {a} of Vectff by /a,/3(A)(/3) = /(A)a (A e i/). 

Let g be an element of Mh- We assume that 7, VF^) satisfy that A7 = \5 unless 
g{X) = 0. A simple computation shows 

Proposition 4.8. For u e Homvcct^ (^^{7}, {/3}®F), 

Remark 4.9. What we have discussed and we will discuss in the following holds by 
replacing the group with an arbitrary group G acting on H from the right. In this 
case the notion in Definition 14.21 will be called a G-algebra, and they form a category 
Algg. Just as Proposition [3?71 we can construct a G-algebra Dq{V) for any object V of 
Vectjj. 

5 Properties of Alg^^^^^ 

In this section, we will proceed with the study of the category Alg^j:^ x)^ which is essential 
in defining {H, X)-bialgebroids. 

Let us first explain an object Ih.x of ^^S{h x)^ which is relevant to the object 
DHxilvcctn) (See Propositions [231 and gT]) . For / e Mh, we define /* £ EnddMn) 
by ' 

r(5)(A) = /(A).g(A) igeMH,XeH). (5.1) 
Let {lH,x)a.j3 (ck,/3 G Wx) denote the following C-subspace of Endc(M^f). 

- <y otherwise. 

For Tq,, see (j4.4p . We set Ih.x — J2a f3ew"(-^H,x)a.f3, which is a C-subalgebra of 
Endc(Mff). We define the maps ^ij'" '' , fii"-'' : Mh {Ih,x)i,i by 

Proposition 5.1. The C-algebra Ih,x, together with {{lH,x)a,f3', ct, G ^x}' 1^1"^ ' 
and fii"'^ , is an object of Alg^^n x) {See Defi,nition \4.2\ . 

We can construct a morphism Lp^ : Ih.x ^ DH.xilMcctn) of ^^&(h x)- Define the 
C-linear isomorphism 1^0 from Mh to Map(7J, C/vect^f ) by (^o(/)(A) = /(A)e (/vcct^j = 
{e},/ e MhA e H). For w G Endc(M_f/), we set iy3o(M) = (po o u o (<^o)"^- This C- 
linear isomorphism Lp^ satisfies that (Po{Ih,x) C DH.x{IvcctH)- To simplify notation, we 
continue to write ipo for ^o\ih x- 
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Proposition 5.2. (/^o : Ih,x ^ ^H,x(/vcct„) G Hom(Alg(j:^^)). 

Let A and S be objects of Algj-^^-,. The next task is to define an object A^B of 
Alg^fj x)j called a matrix tensor product (cf. |9:, Section 4]), which produces a functor 

^ : Alg(^ x) X Alg(H,x) ^ Alg(^^^). 

Write /2 — h {A, B) for the right ideal oi A®cB generated by the elements 

{i^^if) ®Ib-Ia® iif{f)\ f e Mh}. (5.2) 

Let a and (3 be elements of the group ■ We denote by {A(S)B)a^p the C-subspace 
ofj4 ®c -B//2 generated by {^i ® 6 + ^2; 6 e ^0,7,6 e ^i./S (^7 S W^)}. We set 
= T,a,f!ewgi^'^B)^,p{c {A ®cB)/l2). 

For a; = + /2, y = + -^2 G define a product on A®B by a;j/ = S^xS,y + ^2- 

Although /2 is a right ideal, this definition of the product makes sense. 

The maps ^if®^,^i^®^ : Mh {A®B)i^i are given as follows. For / G Mh, 

f^f^^if) = h^fif) ® 1b + h, and A^r ®^(/) = U «> A^f (/) + h- By taking account of 
(|4.2p and ()5.2|) . these maps are C-algebra homomorphisms from Mh to 

Proposition 5.3. A(kB with {{A^B)a,0; a, P G ^J'f^^ , ^i^®^ , and the unit 

l^gB = 1a Is + /2 is an o&ject of k\g^^H,x) ■ 

Remark 5.4. On account of (|4.3p and (|5.2p . the matrix tensor product A®B of {H,X)- 
algebras A and _B is a C-subalgebra of the C-algebra A X-Mh B (See [Ul Remark 
2.1]). 

Two morphisms f : A C and g : B ^ D oi Alg^^ x) induce a morphism f>S>g : 
A^B C®D of Alg(jLf X)- Let f®g denote the C-linear map from A ®c B/l2{A, B) to 
C ®c D/hiC, D) defined by 

if^g){C + h{A,B))^{f® g) (0 + /2 (C, i?) (e e A ®c S) . 

Here, I2{A,B) C A ®c -B is the right ideal generated by the elements (|5.2p . Since 
(/ ® g){l2{A-T B)) C I2{C,D), the definition of the map /(8>(7 is unambiguous. Because 
f®g{{A®B)a,f3) C {C®D)a.[j for all a,/3 e W^X' the same symbol /(8>(7 for the 

C-linear map (/®5)U^b : A®B — > C®D. 

Proposition 5.5. The map f®g is a morphism of Klgf^n x)- Moreover, ® : Alg^^js^^^ x 
Alg(//,x) ^ ^kiH,X) is a functor. 

Let A, B, and C be objects of Alg^^ x)- The final task of this section is to introduce 
a functor — (g) — 0- : Alg^n^x) ^ ^^&{h,x) ^ Alg(ff.x) ~* ^^&{h,x)- We first define 
(if, A')-algebras A(^B(^C'' and A(X)i3(g)C"", whose definitions are different from those of 
the (iJ, X)-algebras {A^B)^C and A^{B^C), respectively. 

We use the symbol /| = l!j{A, B, C) for the right ideal of {A (3c B) ®c C generated 
by the elements 

{(m;^(/) ® Ib) ®ic- (U «> (,/)) ® ic; / e Afe} 
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U{(U ® Urig)) ® Ic - (U ® Is) ® Air(5);5 G Mh}. (5.3) 

Let a and /3 be elements of the group . Let (yl®i?®C')Q./3 denote the C-subspace 
of iA(g)cB)(g)cC/ll generated by {(6®6)«'C3+4; ^ ^^,7, 6 G B^^s, 6 G C^,^ (37, S € 
W^)}. Set A«)B®C" =S„_^gj^«(A®B®C')a,/3(c (A®c-B)®cC/4). 

For X = + 4,?/ = + 4 e A(i)B(g)C', we define a product on A§)B§)C' by 
xy — ^x^y + 4- This product is well defined, though 4 is a right ideal. 

We denote by ^^®-B®c' ^^^^ ^^^b^c' ^^ic following maps from Mh to (A§)B§)COi,i. 
For / e Mh: 

^MB^c ^ (^^(^) ^ ® ic + 4; A^^'^''^^' (/) = (u ® 1b) + 4- 

Because of (|4.2p and (|5.3p . these maps are C-algebra homomorphisms from Af// to 
A(g)B(g)C'. 

Proposition 5.6. The C-algebra A®B®C\ together with {{A®B®C^)a,ii] a, (3 £ W^}, 
Alg(/i-,x)- 

The definition of the (i?, X)-algebra A^B^C"^ is similar. Let /g denote the right 
ideal of A ®c {B ®c C) generated by 

(Is ® Ic) - 1a (mP (/) ® Ic); / G Mff} 
U{U «> (^f (ff) «> Ic) - U ® (Is ® f^?'{9));9 G M^^}. 

For a,/3G , we write (A(§)B(§)C"')a,/3 for the C-subspace of A(S)ciB(S)cC)/ generated 
by^{Ci^«) (6 «) 6) + 4;Ci^G A„,7,6 G 5^,5,6 G Cs,f3 (37,(5 G VFf )}; in addition, set 
A^B^C^ = Ea^(3ewsiA®B^Cnc.,p. 

For X = + l3,y = £.y + I3 G A(g)B§)C"', we define a product on yl(§)B(§)C"' by 
xy ^ ^x£.y + IE- 

We denote by ^f^^fsc^ ^a®b®c- ^j^^ following maps from Mh to (A®^®^)!,!- 
For / e Af^: 

^A«BiC'-(^) = (/) ® (Is ® Ic) + 4; A^^'^^^^''(/) = U [Ib ® tfrif)) + 4- 

Proposition 5.7. T/ie C-algebra A®B®C^ , together with {{A®B®C'')ajj] a,[3 & Wx), 
^A0B«,c^^ ^A®B^c^' ^ ^/jg y^j^ 1a®s®c- = U (8) (Is ® Ic) + 4^ «s an object of 
Alg(/i-,x)- 

Let f denote the C-linear isomorphism from A ®c (^ ®c C) to (A 0c -B) (8>c C" 
satisfying r(a (X> (6 ® c)) = (a C>5 &) ^ c. This isomorphism F implies an isomorphism 
F : A§)B§)C"' ^ A®i?®C' of Alg(^ x). Here and subsequently, we let A(S)B(g)C stand 
for the (i?, X)-algebra A§)B§)C'(= r(A§)B§)C"')). 

Let f : A A' , g : B ^ B' , and /i : C ^ C" be morphisms of Algj-^^-,. Define the 
map {f®g®h) ■.{A®cB)xC^ {A' ®c B') ®c C'/ll,' by 

{f^g®h){w, c) ^ {f ® g){w) ® h{c) + 4' [w ^ A®cB,c^ C). 
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Here, 4' = li{A' , B', C) (lOD . 

This map is C-bihnear; for this reason, there exists a unique C-Unear map {f(§g(!S)h) : 
{A (8)c B) (g)c C {A' (8)c B') (»c C'/^' such that {f^g^hy{w c) = (f^g®h){w,c). 
We denote by f®g®h the foUowing map from {A ®c B) ®c C/ll, to {A' ®c B') ®c C74'- 
f®g®h{i + 4) = G (A §5c ®c C). Here, 4 = ll{A,B,C). By 

Definition 14.31 { f®g®h) (/g) C {4'}, and the definition of the map f®g®h makes sense 
as a result. 

The map f®g®h satisfies f®g®h{{A®B®C)a^p) C [A'®B'®C')a,i3j,a^P e W^). 
By abuse of notation, we continue to write f®g®h for the restriction f®g®h\^^g^(j : 
A^B®C A'®B'^C'. 

Proposition 5.8. — (g) — (g)— : PAg^^u^x) ^ ^^Z{h,x) ^ Alg(ff,x) ^ Alg(_f/,jf) ^■^ functor. 

6 X)-bialgebroids 

This section is devoted to introducing (i/, X)-bialgebroids (cf. the [)-bialgcbroid O Sec- 
tion 4.1] and the x Mj, -bialgebra QAj, Definition 4.5]); the definition is based on a notion 
of a pre-tensor category, which is important in the proof of Theorem 19. 71 

Definition 6.1. A pre-tensor category is a category C, together with functors (8) : 
C X C C, —0 — (Xi— : C X C X C C, an object / of C, and natural transformations 

a' : (§)((§) X id) -(§>-§)-, a^: (g)(idx§)) -(§)-(8)-, I : §)(/xid) ^ id, r : ^{idxl) 
id. We denote it by (C, 0, — — (^—,1, a^,a^, I, r). 

The pre-tensor category is a generalization of the tensor category. 

Proposition 6.2. The category Alg^u x) ^ pre-tensor category. 

Taking Propositions 15. 1[ 15. 5[ and 15.81 into account, we need only construct natural 
transformations a', a'', I, and r for the proof. 

Let j4, B, and C be objects of Alg^^ j^-j. Let us introduce the temporary notation F 
for the C-bilinear map from A ®c B x C Xo {A ®c B) ®c C defined by F{x, c) = a; ® c 
{x G Ai^ic B,c G C). We write F for the following map from A ®c B / hiA, B) x C to 
{{A (gicB) ®c C)/4. 

F{x + hiA, B),c)^ F{x, c)+li {x£A ®c B). 

For l2{A,B) and 4 = li{AB,C), see and The definition of this map F 

is unambiguous, because F{l2{A,B),C) C 4- By abuse of notation, we use the same 
symbol F for the map -FUg^xc ■ ^®B xC ^ {{A®cB)®cC) / 1^. Since F is C-bilinear, 
there uniquely exists a C-linear map l>i : {A®B) ®cC {{A ®c B) ®c C)/!!^ such that 
(g) c) = F{x, c) for x e A®B and c G C 
This $1 yields the C-linear map ■ i^'^B) ®c C/hiAi^B, C) {{A ®c B) ®c 

C)/Il defined by a\^g (j{x + I2{A(§)B,C)) = ^i{x) {x G {A(§)B) ®c C). Because the 
map a\^Q Q satisfies a''j^^g^(j{{A®B)®C) C A®B®C (= A®B®C''), we continue to write 
'^''a B c C-linear map a\ ^ c\{a®b)^c ■ {A®B)®C A®B®C. 
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Proposition 6.3. The map a\ g (j is a morphism of Algf^jf Furthermore, a' : ®(® x 
id) — > —0 — (§— is a natural transformation. 

We will use the temporary notation <i>2 • AiSi{Bi^C) — > ^CS-B^C"" for the morphism 
of Alg^j:^ -^j defined similarly to 0^4 ^ 

$;,((a ® (6 ® c + hiB, C))) + hiA, B®C)) = a®{b®c) + Il 
(yd G j4a,7; ;3,a,/3,7,<5eT^f). 

Let (. denote the morphism T o ^'^ : A®{B®C) A®B®C of Alg^^^-,. For the 
isomorphism Y : A^B^C^ A(E)B(^sC, see the previous section. 

Proposition 6.4. This : ®(id x ®) ^ — (X> — ®— is a natural transformation. 

What is left is to introduce natural transformations I : ®{Ih,x x id) id and 
r : ®(id X Ih,x) id (For Ih,x, see Proposition [HH]). 

Let A be an object of A\g(^fj x)- We write Ia (resp. fA) for the following map from 
Ih.x X a to a (resp. from A x Ih.x to A). For L/ £ /_ff,x and a e A, 

rA(C/,a) = (?/(lAfe))a (resp. fA{a,U) = ^;^(C/(lAf«))a). 

Here, Imh ^ -^^ff is ttie unit element of the C-algebra Mh'- 

1m«(A) = 1 (Aeff). (6.1) 

Because I a (resp. f^) is C-bilinear, there exists a unique C-linear map I a '■ Ih,x®cA — + A 
(resp. rvi : A®c/_f/,x A) such that Za(C^ ®a) = Ia{U, a) (resp. r^(a®[/) = fA(a, C/))- 

Lemma 6.5. TaWh.x , A)) = m(/2(A, /ff,x)) = {0}. 

Proof. We will only show that Ia{I2{Ih,x , A)) C {0}. It suffices to prove 

lAiifii"^- if) ® U - l/„,x /i;^(/))(;7 a)) = (6.2) 

(/ e Mh,U e lH,x,ae A). 

By the definition of I a, 

LHS of dSai -A*f((A^^"'"(/)C/)(lAf«))a-Mi'(t^(U/„))/^?*(/)a. (6.3) 

Simple calculation shows that (/"r"'^ (/)C^)(lMff) = U{lMH)f- Since /x^ is a C-algebra 
homomorphism by Definition 14.21 (RHS of (|6.3p )= 0. This is the desired conclusion. □ 

We define the C-linear maps I a ■ Ih,x A/ I2(Ih,x , A) A and : A (g)c 
Ih,x/I2{A,Ih,xI^ a by Ia{^ + h{lH,x.A)) = Ja{0 (C e W <^c A) and m(^' 
J2(A, /i/^jf )) = m(^') (^' G ^ ®c -^H.Js:)- Lemma [63] makes these definitions allow- 
able. For simplicity of notation, we continue to write I a and for the C-linear maps 
Ia\ 

Ih,x®a ■ Ih.x® A — > A and ^a\a^Ih^x ■ A®Ih.,x A, respectively. 
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Proposition 6.6. Iat^a G Hom(Alg(^ j^-)). Moreover, I : ^{Ih.x x id) — ^ id and 

r : ®(id X Ih.x) ~* id are natural transformations. 

The proof of Proposition 16.21 is therefore complete; that is, A\g^jj x)^ together with 
(8), —® — Ih,x, a\ oi^ , I, r, is a pre-tensor category. 

A categorical bialgebroid of the pre-tensor category is an analogue of the coalgebra 
object of the tensor category. 

Definition 6.7. A categorical bialgebroid A of a pre-tensor category C is an object of 
C, together with morphisms A : ^ ^ A^A, called coproduct, and e : A ^ I, called 
counit, of C such that: 

^''a,a,a ° A^idyi o A = a\ j^ j^ o idA<8)A o A; (6.4) 
Ia o e^idA o A = idA — rAO idyi®e o A. (6.5) 

This definition agrees with the Xs-bialgebra ^21. Definition 4.5], which is equivalent 
to the bialgebroid [5; in fact, x s-bialgebra is exactly a categorical bialgebroid of the 
pre-tensor category Algg^g consisting of algebras over B ® B, together with functors 
Xb, — Xfi — Xb— , an object End(i3), and natural transformations a, a', 0', (For 
notations, see [H] Section 3]). 

Definition 6.8. An (i/, Ar)-bialgebroid is a categorical bialgebroid of the pre-tensor 
category Alg(^_^). 

Remark 6.9. The (i/, Ar)-bialgebroid is a bialgebroid [16j: the coproduct is exactly 
the same as A : ^ — > A® A C A ®c A/l2{A,A); the counit e' is defined by e'{a) = 
e(a)(lMir) G ^Ih [a e A); the left and the right actions of Mh on A are respectively 
given by the multiplications of nf{f) and nf{f) (/ € Mh) from the left. 

7 {H, X)-bialgebroid Ar 

In this section, we construct an (_ff, Ar)-bialgebroid A^ associated with a morphism a : 
X®)X X(S)X of Vectn (cf. [S]). As a result, every bijective dynamical Yang-Baxter 
map i?(A) satisfying the weight zero condition p.4p gives birth to the {H, X)-bialgebroid 
An := Afjj^ (For cr/j, see Proposition 13. 7p . 

For the definition, we require the set X to be finite; and we will assume that X is 
finite, whenever we deal with the (iJ, X)-bialgebroid A„. 

Let HX denote the set 

Mh ®c Mh U {Lab; a, 6 e X} U {{L-^)ab; a, be X}. (7.1) 

Here Mh is the C-algebra of all C- valued functions on H. Moreover, we write C{HX} 
for the free C-algebra on the set HX [U; Section 1.2]. 

Definition 7.1. A^r is the quotient of C{HX} by the two-sided ideal 1^ whose generators 
are the following (l)-(5). 
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(1) ^ + + {t^' eMH^cMn), 

Here the symbol + in ^ + ^' means the addition in the algebra C{HX}, while 
the symbol + in + ^')(e HX) is the addition in the algebra Mh Mh- The 
notations of the scalar products and products in the other generators are similar. 

(2) Ec<EX Lac{L-^)cb - Sab^, 

Y.cexiL-^)acLcb-'5ab% ia,beX). 

Here 0(e C{HX}) and 6ab mean the empty word and Kronecker's delta symbol, 
respectively. 

(3) (r[„](/) ® lM„)Lab - Labif ® 1m«), 
{IMh ® Tyb]U))Lab - LabilMH ® /), 

{f®lMj{L-')ab - {L-%b{T[b]{f) ® 1m„), 

(1m„ ® f)iL-%b - {L-^)abilMH ® T[a] (/)) ia,beXJe Mh). 

For T[a]{f) and Im„, see ()4.4p and (16. ip . respectively. 

(4) E.^yexi'^al ® (1m„ «) (T^^yjLcyLax (a, b,c,de X). 
Here a^,^ G is defined by f7-y(A) = a(A)(,,e)(,,j,) (See 

(5) 0-1m„ <»lAf«. 

The sums in the generators (2) and (4) make sense, because the set X is finite. 

Let HX denote the set of all words xiX2 ■ ■ ■ Xn in the alphabet HX{3 Xi) including 
the empty word 0. We define the map wi : HX Wx as follows (For Wx , see Section 
HI): if X e HX, then 

r 1, xe Mh ®c Mh, 
wi{x) = < [a], X = Lab, 

[ [6-1], x^iL-%b; 

if w = X1X2 ■ • ■ Xn G HX, then wi{w) — wi{xi)wi {X2) ■ ■ ■ wi{xn)', and we set i(;;(0) — 1. 
The map Wr : HX Wx is similarly defined: if x S HX, then 

r 1, x£Mh®cMh, 

Wr{x) = < [b], X = Lafc, 

[ [a-1], x=(L-i),f,; 

if w = 2:10:2 ■ ■ ■ Xn G -ffX, then Wr(w) = Wr{xi)wr{x2) ■ ■ ■ Wr{xn)', and we write Wr^^) = 
1. 

Let a and /3 be elements of Wx ■ We write C{HX}a,i3 and (ACT)a,/3 for the sub- 
spaces of C{HX} and Aa- generated by the sets {w;w G HX,wi{'w) = a,Wr{'w) = (3} 
and {w + /cr;w G HX,wi{w) — a,Wr(w) — /?}, respectively. Obviously, C{HX} = 
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®a /3£W^'^{^-^}a,Pi while the algebra is not always a direct sum of the components 
{{Aa)a,i3;a,P e Wx}- For more details, see the end of this section. 

The maps ^f'',fj,^'' : Mh {Aa)i,i are defined as follows. For / e Mh, 

A'f " (/) = / ® Imh + la; (/) = 1m„ ®f + Ia- (7.2) 

Proposition 7.2. Aa-, together with {{Aa-)a,i3;oi, P G ^x}' f^t" ' '^"■'^ MJ^"; '•s ^'^ object 
of Algj^H,x} ('S'ee Definition \4-S^ - 

The next task is to define the coproduct A : Act ^ Aaf^^Aa- Let Ahx denote the 
following map from HX to A„ ®c A^ ■ 

Ahx iO = f^f" ® " iO e Mh ®c M^); 

Ahx (Lab) ^ ^ Lac + la <^ Lcb + la; 

cex 

AHxiiL-%b) = ^(^"')c6 + /a0(i-l)ac + /a. 

This map uniquely induces a C-algebra homomorphism A : C{HX} —> A„ (g)c A^ such 
that A{v) = Aifx(w) (t^ e HX). 

Proposition 7.3. A(/<,) C h = hiA^^A^) {See ^EM)- 

Proof. Since the right ideal I2 satisfies that A{C{HX})l2 C /2, it suffices to prove that 
A (a;) £ I2 for every generator x in Definition 17. II 

If X is one of the generators (1)~(3) and (5), then A{x) — Oa„(^cA„ G h- Because 
J2x,yex«c(^'^MH)LydL^b-J2x,yexi^MH(^(^xt)LcyLax £ la, thc definitions of A, fj.f% 
and fi^" induce that 

A( J2 {<'c®UlH)LydLxb- {Ut„®'jl1)LcyLax) 

H {^J^r'{(^'xi)®'^A,-lA,®^it''i.^'xi)){LcyLax+Ia<^LfdLeb+Ia) 

This completes the proof. □ 
We define the C-linear map A : Aa ^ Aa ®ic Aa/h by 

A{v + la) = A{v) + h {v^<C{HX}). 

By virtue of Proposition 17. 3[ thc map A is well defined. 

Since A(C{i?X}„,/3) C E-reVFf (^'^)",7® (^<^)7,/3 Wx)^ ^ satisfies A(Aa) C 

Aa®Aa. Set A = A|^^ : Aa ^ Aa®Aa. On account of Definition [i?^ 

Proposition 7.4. A is a morphism of AXgf^n x)- 
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The next is to construct the counit e : ^ Ih.x (For Ih,x, sec Proposition lS.ip . 
Let Shx denote the following map from HX to Ih.x ■ 

enxiO = MO^Ti e {Ih,x)ui = {IH,x)^uao.^A^) ^ Mh); 

£Hx{Lab) = 5abT[a]{^ 5abT[b]) G ) [a] , [fc] = ilH,x)wi{L^i),Wr{L^i); 

£Hx{{L^^)ab) — SabT[b-^]{— SabT[a-^]) 

e {lH,x)[b-^],[a-^ = i^H,x)w,{{L-^)at),w^{{L-^)ab)- 

Here, m : Mh 'Sic Mh — > Mh is a temporary notation of the multiplication defined by 
"^(Z S g) = fg {f,g e Mh); for r7i(,^)*, see (15. ip . This map £/fx uniquely induces a 
C-algebra homomorphism e : C{HX} Ih.x such that e{v) = £hx(w) (w G HX). 

Proposition 7.5. £(7^) = {0}. 

Proof. We shall have established this proposition, if we prove that e = on every gener- 
ator of the ideal Icr ■ 

We will show the proof only for the generator (4) in Definition 17.11 Let g be an 
element of AIh- By the definition of e, 

£"( J2 i<l®^MH)LvdL^b- i^MH®^lij)LcyLax){g){X) 

^ alii\){ga\d)b) - giiXc)a)) (X e H). 
Because cr is a morphism of Vect^f , cr^'l:{X) — unless (Xd)b = {Xc)a. Hence, 

£{ ('^i^c '^M„)LydL,b - Y ® (^ll)LcyLax) = 0, 

x.y^X x.y^X 

which is the desired conclusion. □ 

We denote by e the following C- linear map from Ag. to Ih,x ■ 

e{v + I„) = e{v) {veC{HX}). 

Proposition [73] makes this definition allowable. 

Proposition 7.6. The map e is a morphism of Alg^jj x)- 

It is immediate that (|6.4p and (|6.5p hold on the generators f S g + la {f,g& Mh), 
Lab + la, and (L"^)afc + la {a, b G W^) of Aa- From Definitions [6Jl and [6^ 

Proposition 7.7. Aa is an {H, X)-bialgebroid. 

Let R{X) be a bijective dynamical Yang-Baxter map satisfying the weight zero con- 
dition p.4p . If the morphism a — ur p.Sp . then the generators (4) of the ideal la^ 
are 

Y ^Kl®^MH)LxbLyd- Y ^^^"^^^^v^^^y^"'' {a,f>,c,de X). (7.3) 

x,y^X x^y^X 
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Here R^^ G Mh is the following function. 

Ji^y(X) = l^' (a,c) = i?(A)(a;,y), 
"■•^^ ' \ 0, otherwise. 

We will use the notations Ir and Aj^ instead of /o-^ and A^^^ , respectively. From Propo- 
sition [73 

Corollary 7.8. A^j is an {H, X)-bialgebroid. 

We now recall the bijective dynamical Yang-Baxter map R^^ (A) (A € Qs) constructed 
at the end of Section [31 To shorten notation, we write i?(A) for R^^{X). Since is a 
quasigroup (See Definition [339 , Q5 satisfies the assumption in the beginning of Section 
[31 that is, for any x € Q5, the translation map (j4.ip -x : Qs 3 A 1— > A • x G Q5 is bijective. 
Before ending this section, we show that the {Q5, (55)-bialgebroid An is not a direct sum 
of the components {{Aji)aj; a,(3 ^ Wq^}. This property is a characteristic feature that 
distinguish the {H, X)-bialgebroid Aji from the dynamical quantum group [SI Section 
4.4]. 

We consider the element (i?4§ (g) iMQ^)LiiL22 + Ir & Ar. By the definition of the 
counit £ : Ar Ih.x, 

e{{Rll (8) 1mq^JLiiL22 + Ir) = (i?43)*r[i]T[2]. 

It follows from 1^ that i?i§(0) = 1, and {RII)*T[i]T[2]{Iaiq^J{0) = 1 as a result. 
Therefore, {R^ ® ImqJLiiL22 + Ir 7^ Oa^- 
The relation (|7.3p yields that 

(i?43 (8) Imqj; )LiiL22 + Ir = — ^ (-R43 ® Ia/q^ )LxiLy2 + Ir 

(a:,y)5^(l,2) 

+ E (1a/«, ®i?iv)^3?^'^4x'+//?. (7.4) 

From the definitions of wi and Wr, 

{Rll (g) lMQ,jLxiLy2 e (^fl)[a;y],[12] (a^, ^ £ Qs), 

(1mq5 ® i?|^?j,,)L3j^'i4x' + /_R e (^i?,)[34]Ja'2;'] (a:', y' e Qs)- 

Because of Table [U the equation [xy] = [12] in Wq^ {x,y £ Qs) has a unique solution 
(x, y) — (1, 2). It follows from (|7.4p that the (Qs, (55)-bialgebroid is not a direct sum 
of the components {{AR)a,p; a, (3 £ Wq^}. 

A crucial point is the weight zero condition p.4p (cf. [l^ Section 3.2]), which does 
not always imply that the function R^ = unless [12] = [34]. 

This example gives birth to the condition (1) in Definition 14.21 (cf. f)-algebras [SI 
Section 4.1] and f)-prealgebras [HI Section 2.1]). In addition, this condition (1) suggests 
that we employ morphisms ^ ^, ^ ^, I a, and rA of Alg^^j^x) iii Definition 16.81 
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8 Dynamical representations 



A dynamical representation of an (H, X)-algebra A is, by definition, a pair ttv = (V, Try) 
of y G Ob(Vectjj) and Try : A Dh,x{V) G Hom(Alg(^ (of. ,9] Section 4.2]). For 
Dh,x{V), see Proposition H?71 

This section deals with two dynamical representations: one is the trivial representa- 
tion of an arbitrary (i?, X)-bialgebroid produced by its counit e; and the other is the 
basic representation of the {H, X)-bialgebroid given by a Yang-Baxter operator a on 
X in Vectn- We also explain a category of dynamical representations before studying a 
tensor product of the dynamical representations in the next section. 

Let A be an A")-bialgebroid fPefinitions 11.21 and 16 . 8p . In view of Proposition [5T^ 
the map ttj^^^^^ -.^ ipo o e : A ^ i'ff.x (/vcct« ) is a morphism of Alg(^ x) (For /voct^j, 
see Section [5]). Hence 

Proposition 8.1. The pair (/vcctff j ""/vcct^ ) dynamical representation of the (H, X)- 
bialgebroid A. 

Assume that the set X is finite, and let cr be a Yang-Baxter operator on X in Vect// 
(Definition 13. 3p . We next define a dynamical representation {X,n„) of the {H,X)- 
bialgebroid A„ (Proposition [T??])- For X = {X, •), see Proposition 13. 51 Let denote the 
following map from HX (|7.ip to Dh,x{X) that is C-linear on Mh <^$c Mh- 

^,(/0g) = ^f-'-m(/);,f-,-m(g); 
T^a{Lab) = rj^]jf,](7f^(£afc)[a],[6]), 

T^a{Lab)la],lb]W{x,[b]) = ^ {[a] , y) a {X) (^a ,y) {x M) 

yex 

TTai{L~^)ab) = Fj^-i] [^_i](Tf^((L^^)Qb)[b-l]ja-i]), 

TTai{L^^)ab)[b-^].[a-^]Wix, [u^^]) = ^ ( [6" ^] , ?/) (cr( A [a" ^ ] ) " ^ ) (b,x) • 

yex 

For ^f"'^'"^\ ^^"•^^^\ and (^{X)t^a.y){x.b), see Proposition 14.71 and p.3p . respectively. 
This map n„ induces a morphism Tr^ : A^ Dh.x{X) of Alg^^ x) (See Remark lll.l4p . 
As a result, 

Proposition 8.2. For a Yang-Baxter operator a on X in \ectH , {X, n^) is a dynamical 
representation of the {H, X)-bialgebroid A„. 

With the aid of Propositions 13.71 and 18. 2i {X, ) is a dynamical representation of 
the (ff, X)-bialgebroid Ar (Corollary [T;!]). 

To end this section, we will introduce a category DR(A) of the dynamical repre- 
sentations of an (if, X) -algebra A. An object of DR(A) is, by definition, a dynamical 
representation of A. We denote by Ob(DR(A)) the class of all objects. 

Let Try = (V, Try) and nw = {W^ ""vk) be objects of DR(^). A morphism / : Try ^ Trvy 
of DR(A) is a morphism f -.V of the category Vect/f such that 

Trvy(a) o TOy = m/ o Try(a) (Va G A). (8-1) 
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Here, nif : Map(i7, <CV) Map(i7, <CW) is the following C-linear map. 

mf{9){X) = /(A)(5(A)) (.g S Map(H, CF), A e (8.2) 

Write Hom(DR(^)) for the class of all morphisms of DR(yl). For a morphism f : ny ^ 
TTw & Hom(DR(A)), we call the objects ny and ttw the source s(/) and the target b{f) 
of the morphism /, respectively. 

Let id^j^ : Try — > Try denote the morphism idy : V ^ V £ Hom(Vcct/f). 

For morphisms / and g of DR(A) such that &(/) — s{g), nigof = rUg omj. Hence, 
the morphism g o f oi the category Vector is a morphism of DR(yl). We define the 
composition o of DR(A) by that of Vectn- 

Proposition 8.3. DR(A) is a category. 

9 Tensor products of dynamical representations 

Let A be an (i?, X)-bialgebroid (Definitions 11.21 and 16. 8p . In this section, we explain 
the tensor product (g) : DR(A) x DR(A) DR{A), which makes the category DR(A) a 
tensor category (cf. [9l Section 4.2]). 

Let V and W be objects of the category Vectn (See Section [5]). We first define 
^2{V,W) : Dh,x{V)^Dh.,x{W) Dh,x{V®W) G Hom(Alg(^_;f )) (For Dn.xiV) and 
(8), see Propositions 14.71 and 15.31 respectively). 

Let g be an element of Ma,p{H,C{V®W)). By using g{X){vi,v2) (|1-2P - we define the 
map g^") G Map(iJ, CW) {v e V) by 

g^^\X)= J2 «25(A)(„,.,) (XeH). 

V2&W 

Let V . For simplicity of notation, we use the same letter v for the constant map 
from H to £.V whose value is always v; that is, v{X) = w (A G H). 

Let U be an element of Endc(Map(7J, CV)). We denote by C/*^^' the following element 
of Endc(Map(i?, <C{V®W))). 

U'^'\9){X) = E t^W)(A«2).,g(A)(„;,.,) 

{vi,v2)ev^w v{ev 
(g e Msip{H,C{V^W)), X e H). 

Let U be an element of Dh,x{W). From the definition, 

U= ^ZpM {3u^,peRomy,,t„{W^{P},{a}^W)). 

We define the element of Endc(Map(i/, C(T/®W^))) by 

U^^Hg){X) = Y (■f'i'^2) Y ^"./5(A) f3)9{Xf3) 

{vi,V2)eV(^W a,i3ew^ 
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(<7 e Map(iJ, CiV^W)), A G iJ). 

Since ?7(2)(g)(A) - ,,)^v6,wi^i^^2)U{g^^'^){\U, the definition of U<-^^ IS unam- 

biguous. 

Because the map 

Dh.x{V) X i?H^x(Vt^) 3 {Ui,U2) ^ f/f^ oC/f^ G Endc(Map(i/,C(l/®T4^))) 

is C-bihnear, there exists a unique C-hnear map (p2{V, W) from Dh.x{V) ®c ^_f/,jf (W^) 
to Endc(Map(77,C(V"(g)W^))) such that 

MV, W)iUi ® iJz) = U[^^ o ([^^ g ?72 G (W^)). (9.1) 

We write h for hiDn^xiV), Dh,x{W)) (See ([O])). The map ip2{V,W) satisfies 
(^2(^7 W^) (-^2) = {0}, and it consequently induces the C-linear map 

(P2{V, W) : Dh.x{V) ®c Dh.x{W)/I2 ^ Endc(Map(i/, C{V®W))) 

defined by (^2(7, VK)(C + /2)_= <^2(1^, VF)(0 (? G i?if,x(F) ®c i^H.x(VK)). 

Let V : V^{'-f} {a}®V and w : W^®{/3} ^ {7}(g)W^ be morphisms of Vect// 
(a,/9,7 G PFx)- Oil account of ([^ . we define the morphism w Kl-, w : (t/(g)VF)(g){/3} ^ 
{a}(g)(Fi§)H^) oiVectH by 

u w = a{„}yvv o (v^idw) o ay|^}vF ° (idyfi'-'w) o avw{i3}- 

A simple computation shows 

Proposition 9.1. ^2{V, W){Tl^{v) (E> T^^^iw) + h) = r^|'^(« ^7 
From Propositions 15.31 and 19.11 

V2{V,W){{DH.x{y)®DH,x{W))c.,p) C Dh,x{V®W)c.^p, 

and consequently (^52(1^, W^)(-D_ff.x(^^)'§'£'//,x(W^)) C Dh,x{V®W). We continue to 
write ip2{V,W) for the map '^2(V", VK)|^^_^(y)g£,^^(^y). 

Proposition 9.2. ip2{V,W) : Dh,x{V)®Dh,x{W) Dh,x{V^W) is a morphism of 
Alg(//,x)- 

The above proposition yields that, for ny = {V,TTy),TTw — {W,t:w) £ Ob(DR(A)), 
TTv^T^w '■= f2{V, W) o -Kv^T^w o A : A ^ Dh,x{V^W) is a morphism of the category 
Alff 

{H,x)- Therefore, -kv^t^w '■= {V®W,ttv®t^w) is an object of DR(A), which is called 
a tensor product of the objects Try and -kw- 

Proposition 9.3. For f,g G Hom(DR(A)), the tensor product f®g in Vecti/ is a mor- 
phism o/DR(A) whose source is s{f)®s{g) and whose target is b{f)®h{g). 

Proof. Let a, 7 G Wi^, f G Homvcct^ (V^, ^'): u G Homycct^^ (V^®{7}, and u' G 

Homvect«(V^'«'{7},{a}®r). 



23 



Lemma 9.4. r^_^(w')om/ ~ mfor^,^(u), if and only if u' o{f®\A{~^}) = {\d{a}®f)°u. 

Let p G Wjl, g e Honivoct«(M^,VK'), w e Hoinvect„ (W®!/?}, {tI^W^), and w' G 
HoiTLvcctij {7}®VF'). The above lemma and Proposition 19. II imply that 

Lemma 9.5. Ifr^.^{u') o m/ = mj o r^.^{u) and T}^^j{w') o nig ^ nig o r^^(w), then 

= ruf^a o ^^{V, W){Vl^^{u) ® T^^H + h). 

This lemma immediately induces Proposition [9?3l □ 

For abbreviation, we continue to write f®g for the tensor product of the morphisms 
/ and g of DR(A). 

Proposition 9.6. ® : DR(A) x DR(A) DR(A) is a functor. 

Let /DR(yi) denote the object {IwcctHT^ivact„) ^ Ob(DR(A)) (See Proposition 18. ip . 
The final task of this section is to explain the associativity constraint a : x id) — > 
(g)(id X (g)), the left unit constraint I : ®(/DR,(yi) x id) id, and the right unit constraint 
r : (8)(id x /dr(A)) ^ id. Let tt^ = (T/^jTr^) (i = 1,2,3) be objects of DR(A). We denote 
by a7ri,7r2,7r3) Itti, and Ttt^ the following morphisms of Vect//: 

Theorem 9.7. //A is an {H, X)-bialgebroid ( Definition \6.8^ . then DR(^), together with 
/dr(A)7 fl^*^ f, 'i-s a tensor category. 

Because of Proposition 17.71 and Corollarv l7.8[ 

Corollary 9.8. DK{Ag^) is a tensor category, and so is DR{Aji). 

We will prove Theorem 19. 71 in the next section. 

10 Proof of Theorem [921 

Before starting the proof of Theorem 19.71 let us introduce the category Cis called the 
groupoid of isomorphisms of the category C [14, XL 1.1 Example 2]. The notation Cis 
means the (broad) subcategory of C whose objects are those of C and whose morphisms 
are isomorphisms of C . If C is a tensor category, then Cis is a tensor subcategory of C; 
in other words, Cis is a tensor category with respect to 0, /, a, /, and r of the tensor 
category C. 

We will first explain a functor Dh.x ■ Vect^is ^^S{h x)j which plays an essential 
role in the proof of Theorem 19.71 (For Vectn and Alg^^ j,^), see Sections [5] and S]) . 

For an object V of the category Vectn is, we have already defined the object Dh,x{V) 
of Algj-^^-, in Proposition 14.71 Let / : ^ W be a morphism of the category Vectij^s. 
Define a C-linear map Dn^xif) from Endc(Map(iJ, CF)) to Endc(Map(iJ, CH/)) by 

DH,x{f){U) ^ rrif oUo{mfY^ [U £ Endc(Map(iJ, CF))). 
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For m/, see (|8.2p . Wc note that (m/) ^ — rrif-i. Because DH,x{f) satisfies that 
DH,xif){DH,xiV)a,0) C DH,xiW)a,f3 (Va, /? G W^f ), we use the same symbol Dn^xif) 
for the restriction DH^x{f)\DH x{v)- Definition 14.31 

Proposition 10.1. Dh^xU) ■ Dh,x{V) Dh,x{W) G Hom(Alg(jj_jj-)). Furthermore, 
Dh,x ■ yectHis A\g(^H,x) *s a functor. 

The morphisms (V, VF) in Proposition l9.2l fV. G Ob(Vect^f)) are relevant to this 
functor Dh.x- To be more precise, 

Proposition 10.2. Lp2 : ®{Dh.x x Dh,x) Dh,x® is a natural transformation. 

Let Vi, V2, and V3 be objects of the category Vector j^. The next task is to construct 
two families of morphisms of the category Klg^^j xy 

ip\{Vi,V2,V^) : DH,x{yi)^DH^x{V2)^DH,x{V3) ^ DH,x{{Vim)m); 
'pI{Vi,V2,V3) : Dh,x{Vi)^Dh,x{V2)§)Dh,x{V3) ^ DH,x{VMV2m))- 

We define the map 

: {Dh,x{Vi) <E>c Dh,x{V2)) x DH^xiVs) ^ End{Map{H,C{Vim)m)) 

as follows (For (f2{Vi, V2), see (pi]) ). 

(^[,(u;,a;) = ^2(1^1, V^2)H^'' o a;^'' (w G Dh,x{Vi) (^c Dh.x{V2), x G I?if,x(1^3))- 

Since this map is C-bilincar, there exists a unique C-linear map 

: iDH,xiVi) ®c Dh^x{V2)) ®c ^ End(Map(i/, €(^10^2)0^3)) 

such that ifisiw x) = ^3(10, x). 

We set 4 = 4(D//,xCt^i),^H.xC^"2),^if.xCl^3)) (See The map satisfies 

(^3(13) = {0}, and it hence induces the following C-linear map ipl^. 

: (DH^xiVi) ®c DH,x(y2)) ®c ^H.x(1^3)//3 ^ End(Map(i/,C(Fi0y2)'8)y3))- 
For any a, /3 G Wx , 

^i{{DH,x{Vi)§)DH^x{V2)®DH,x{V3)Uf3) C ((V^l ®"l^2)®"^^3)a,/3; 

and we will use the symbol </33(Vi, V2, V3) for the restriction of the map tp^-^. 

<P3(^1>"^2,"1^3) = '^i\D„,x{Vi)^DH,x{V2)«,DH,x{Va) • 
i?H,x(T4)®i?H,x(V^2)®i?ff,x(^3) -> DH,x{{Vim2)®V3). 

Proposition 10.3. The map 933(^1,^2,^3) is a morphism ofAlgf^j^x)- 

We apply this argument again to obtain the morphism ip^{Vi, V2, V3) of the category 
Alg(//,x)- 

The definition of pre-tensor functors is similar to that of the tensor functors [l4l 
Definition XI.4.1]. 
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Definition 10.4. Let C = (C, (X>, /c, i, Z*^, r'^) be a tensor category, and let D = 
{D, 0, — ® — 0— , Id, a\ , , r^) be a pre-tensor category fDefinition l6.1[) . A pre-tensor 
functor from C to _D is a quintet {F, (po, (p2, (fi^^, ip^) where : C ^ D is a functor, (po is 
a morphism from Id to F{Ic), p>i ■ (E){F x _F) — » F^ is a natural transformation, and 

ip^siU^V.W) : F{U)^F{V)®F{W) ^ F{{U(E)V)(E)W), 
ipl{U,V,W) : F{U)^F{V)®F{W) ^ F{U®{V^W)) 

are families of morphisms {U, V,W ^ Ob(C)) such that 

Fiauy.w) o ^[{U, V, W) = ^^(U, V, W), (10.1) 

<^3(f7, V", W) o a^F(U),F(V),F(W) 

= if2{U®V, W) o ip2{U, V)®i<lFiw), (10.2) 
ipliU, V, W) o a^(y) 

= ^2{U,V®W)oidp^^u)®,p2{V,W), (10.3) 

'F(c/) = FQ'u) ° Mic, U) o (^o^idF(c/), (10.4) 

^F(c/) = ^('^c?) ° ^2(?/, /c) o idF(c/)®^o (10.5) 
for all objects U, V, W of C. 

Proposition 10.5. Dh,x = {Dh.x , Vo, ^2, fs, fs) is a pre-tensor functor from Yectn is 

Proof. On account of Propositions 15.21 and I10.1H10.31 with the family of the morphisms 
VsiVi, ^2, V3) of Algj-^ x)i il is sufficient to show ()10.ip - (|10.5p . The detailed verification 
is left to the reader. □ 

We now prove Theorem 19.71 The proof is based on the concepts in category theory: 
the pre-tensor category, the categorical bialgebroid, and the pre-tensor functor. Let C 
be a tensor category, F a pre-tensor functor from Cis to a pre-tensor category D, and A 
a categorical bialgebroid of the category D. We follow the notations of Definitions 16.71 
and [101 

For the proof, we first introduce a tensor category PDKf{A), of which DR(A) will 
be a tensor subcategory, if F = Dh.x ■ Vectnis ^ Alg^^ 

An object of PDRf(A) is, by definition, a pair (F,7i^y) of F e Ob(C)(= Ob(Ci,)) 
and TTv ■■ F{V) £ }lom{D). 

Let TTv — (V^TTy) and nw = {W,ttw) be objects of PDRi?(A). A morphism f : ttv 
nw of PDRf(A) is a morphism f : V W the category C. The objects Try and ttw 
are called the source s{f) and the target b{f) of the morphism /, respectively. 

Let id-T^y : ny — > Try denote the morphism idy : V —>■ V € Hom(C). 

We define the composition o of PDRf(A) by that of C. 

Proposition 10.6. PDRi?(^) is a category. 

Note that we have actually proved that PDRf(^) is a category, if A is an object of 

D. 
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The next task is to define a tensor product (g) : PDRf(A) x PDRf(vI) P'DRp{A). 
Let (t^,7ry) and (W,'!rw) be objects of PDRf(vI). Set 

{V,'Kv)®{W,Trw) = {V^W,ip2{V,W) oTTvmw o A). 

For f,g e Hom(PDRi.(yl)), we define f®g : s{f)'g)s{g) h{f)®h{g) by J®g £ Hom(C). 

Proposition 10.7. : PDRi.(A) x PDRf(A) PDRf(A) is a Junctor. 

We will explain the unit /pdRf(A)j the associativity constraint a : x id) — > 

(i)(id x !§)), the left unit constraint / : <§)(/pdRf(A) ^ id) ^ id, and the right unit constraint 
r : ®{id x /pdRf(A)) ^ id. Let /pdRf(A) denote the object {Ic,(po°£) & Ob(PDRF(A)). 
Let TTi = {Vi,ni), {i — 1,2,3) be objects of PDRi;-(A). We denote by aTn.Tra.Tra, Im, and 
r^ri the following morphisms of C: 

«i^i,i^2,^3 = «Vi.y2,V3 : {Vi^V2)«iV3 Vi^{V2^V3); 
l^, = lv^ ■■ Ic®Vi Vi] r^, = r^^ : Vi^Ic ^ Vi. 

Proposition 10.8. PDRi?(yl), together with ®, IpuRf{A)7 i, I, and r, is a tensor cate- 
gory. 

Let Y)Yip{A) be a subcategory of PDRi?(j4) such that: 

(1) if 7ry,7rvv e Ob(DRF(A)), then Try^TTi^ £ Ob(DRi^(A)); 

(2) if /,g e Honi(DR;^(A)), then f^jg e HomDR^(A)(s(/)0s(ff), K/)®^^)); 

(3) /PDR,(A) e Ob(DR;^(A)); 

(4) if / : V" ^ e Hom(Cis) satisfies F{f ) o ny — ttw, then / is a morphism of 
DRi?(A) whose source is Try and whose target is 'kw- 

This DRi?(A) is a generalization of the category DR(A). 

Proposition 10.9. DRi?(A) is a tensor subcategory o/PDRf(^). 

Proof. Let vr^ = (l^,7ri) {i = 1,2,3) be objects of DRi?(A). We will only show that 

a7ri,7r2,7r3,^7ri G Honi(DRF(A)). 

We note that a7ri,7r2,7r3 (= 0^1.^2,^3) and Itti{— ly-^) are morphisms of Cis- On account 
of (4) that the subcategory DRi?(A) satisfies, it suffices to prove that: 

F{avi,V2,V3) ° (7ri®7r2)(X)7r3 = 7ri(§)(7r2(§)7r3); (10.6) 

Figures [T] and [2] yield these formulas. For example, let us consider Figure [TJ By 
Definitions 16.11 16.71 and 110.41 every small diagram commutes; so does the outside one. 
This is equivalent to (|10.6p . □ 

The proof of the above proposition strongly depends on the assumption (4) of the 
subcategory DRi?(A). 

Let A be an (iJ, X)-bialgebroid (Definition 16. 8p . We set F — Dh,x ■ Vect^/^^ — > 
Aig( g,x) j indeed, C = Vect/f and D = Alg^^ j^^. From Propositions 18.11 18.31 19.61 
and (|8.ip . DR(yl) is a subcategory of PDRdh^C^) satisfying (l)-(4). By virtue of 
Proposition ll0.91 T)R{A) is a tensor subcategory of PDRdh,x{^)- We have thus proved 
Theorem EJl 
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A0idA 



idA(8>A 



(7710772) (8)773 



iFiVi)(E)F{V2))®F{V3) 




Vl,V2,V3 



771 0772 (81773 



7710(7720773) 



F{VlMF{V2)^F{V3)) 



''Vl,V2,V3 



F{Vi)^F{V2)(S>F{V3) 

(^2 (14 (8)1^2, V^3)° / \ (^2(^1,^2(8)^3)0 

0(^2(^1, V2)0id3/^ ^\oidi0<^2(V2, V3) 

<pi{VuV2,V3) 

<pliVuV2,V3T 

F{{Vim2)§>V3) ^ ^(^10(^20X^3)) 

^VuV2y3 ^ '^i^(V'i),F(y2),F(y3)' ^ id_F(Vi)) 
"v-i^Vs.Va = '^i^(Vi),F(y2),F(y3)' = idF(y3)- 

Figure 1: -F(avi,y2,v3) ° (771(8)772)0773 = 771(8(7720773) 
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F{Ic)®A 




Figure 2: F{1^^) o tti^^^^^^^tti = m 



11 Tensor categories Repi? and iyK{Aji) 

Let (T : ^ X®X be a morphism of Wectn- In this section, we show that the 

tensor categories Repa in Proposition 13. 21 and DR(ylo-) in Corollarv l9.8l are isomorphic; 
in fact, we will construct tensor functors F : DR(Ao.) Rep cr and G : Rep cr DR(A(j) 
such that FG — idpjepcr and GF ~ idDR(yi„) as tensor functors. In particular, Repi? is 
isomorphic to DR{Ar) (See Proposition 13.81 and Corollary 19. 8|) . As was mentioned in 
Section [7l the set X is required to be finite in this section. 

The first task is to introduce a (strict) tensor functor F [HI Definition XI.4.1]. 

Let TT = (V, tt) be an object of DR(Ao.). For a, 6 G X, we define the morphism 

TT{Lab+Ia)[aUb] ■ V^{[b]} ^ { [o] }®F of VeCtff hy TT {Lab + 1 a) = (Lab + 1 a) [a], [b]) ' 

Because of Proposition l4?5l and the fact that TT{Lab + la) £ F)H.x{V)[a],[b]: this definition 
makes sense. 

Let LF(7r) : V^X X^V denote the following morphism of Vect// (See Proposition 
[23] and (123])). 



^F(7r) = X! ° ^{a} ° T^i^ab + Icj)[a],[b] ° idy®(t 



{[b]} °P{b}^ 



(11.1) 



a,b£X 



For the isomorphism l 

(isa. 



IS^ : {[«]} 



{a} of Vect_ff, see Propositions 12. 5| 13.51 14.11 and 



Proposition 11.1. Lp(^T^) is an isomorphism. 

Proof. Let u G Homvoct^ (^^ {/SI'S) T^) {a, (3 G W^^). We wiU denote by 
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{/3~^}(8)\^ V^{a~'^} the following morphism of Yectn- 

°a{0-i}y/^„^,^ °^03^-i}®y (11-2) 
We set L-J^^ : V^X for 

o(4S}°^w)®idy- (11.3) 

Here, 7r((L^-^)af, + Icr)[b-^].[a-^] ■ V^{[a^^]} {[b^^]}^V is the morphism of Vectjj 
defined by 7r((L"i)ah + 7^) = ^fb-i].[a-i]('^((^^^')<^i> + Ia)[b-i],[a-^]) (See Proposition g^l). 

Lemma 11.2. For morphisms u : V^{[c]} {[a\}'S)V and v : T^0{[c~^]} {[b^^]}'SiV 
of Yectn {a, b,c & X), 

°id{[b]}«'(a{[b-i]}{[a]}y ° ^E'^^llSfWl^i^^ ° *^ ° 

°a{[b]}v{i} o id{[b]}gv®t^i} o '^{mm- 

For u *y V, see ( |^.7p . 

By taking account of Proposition 12.41 (12. 4p . (|2.5p . and the above lemma, the first 
generator in Definition 17. II (2) induces that Li?(7r) ° ^~f\it) ~ '^'^x^v- 

Similarly, we obtain Lp^^^ o Lp(^^s^ — idygx! therefore, Lp(^^^ is an isomorphism. □ 

Proposition 11.3. F(7r) = {V,Lp(^^)) e Ob(Repcr). 

Proof. We will show ((37T1) . From Propositions |431 SJl |4Jl and (fr2l) . the generators (4) 
in Definition 17.11 induce that 

ca\, 

[y2,](X)idy O {-K^Lyd + Ia)[y],[d] *V T^iLxb + Ia)[x],[b]) 

x,yeX 

i/2:],[db] 

x,yGX 

(ya,b,c,de X). (11.4) 

With the aid of Proposition [^Hl (14. 7p . and (jll.ip . each summand of the left hand side of 
(HIl is 

° (^'fa}®Pfc}))®idy o amv o 
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o{ii^^ °pf^})«)((zx^ opfyy)&dv) oidx^Lp(^^-) o 
°iix^ °pf^})®(idy'S)(jx^ °-Pfd})) ° o 

^ op^|)®idy)(g)(ijf''^ °pfd}) ° LF[^)®idx o 

o(idy®(zj,^> °pf,}))®(4'^ °pf.}) °idi^®((4'^^4'^) ° ^wlW- 

Since the set X is finite, ([231), jM]), and (fTO]) imply ([311]). □ 
Let / : TTi — > 7r2 be a morphism of DR(A(j). Because of ()8.ip . 

T^2{Lab + /ct) o "1/ = m/ o 7ri(ia6 + /cr) (Va, 5 e X). 
From Lemma [9. 4[ this is equivalent to that 

'^2{Lah+ Icr)[a]\b] ° {f ®'^'^{[b]}) = (id{ [q] } ® /) O TTi (L^fc + /<x ) [q] , [(,] (Vfl, 6 G X), 

which immediately induces (|3.2p : hence, 



Proposition 11.4. If f : tti ^ tt2 is a morphism ofDK{Acr), then f : F(7ri) F{tt2) 
is a morphism o/Repa. 

For / e HomDR(A„)(7ri,7r2), we define F{f) e HomRep<T(i^(7ri), ^(Tra)) by = /. 
A direct computation shows 

Proposition 11.5. F : DR(ylo-) Repa is a strict tensor functor. 

The next task is to introduce a tensor functor G : Rep a — > DR(Aa-). 
Let V e Ob(Vectff) and u : {/3-^}m V^{a-^} e Hom(Vectff) G W^). 

We denote by : — > {/Jj^T^ the following morphism of Vectn- 

A -J ^ {q"^}i§){q} 

n{/3}(gy)®{a-i} ° «'ld({0}gy)§,{a-i} o 

°"{/3}{/3-i}({/3}(gV)®{a-i} ° 



oid 



°"{/3}{/3-i}(V®{Q})«){a-i} ° ''{/}g{/3-i}®id(y^{a})^{„-l} O 



°'(y®{a})(»{Q-i} 



jid^Q} o 



° idy^{a} ^t^^'I'l'^g^^j O r^g{„|. (11.5) 

A simple verification shows that (u^)^ = w (For it^, see (|11.2p '). Moreover, the 
map A : Homvcctw ({/3~^}®V^, V^(§){a~^}) Homvoct^ (^®{a}, {/3}(8)1^) is an injective 
C-linear map because of Proposition 12.41 and pi.5|l . Thus, 



31 



Proposition 11.6. The map A is the inverse of the map V. 

Let Ly = {V, Lv) be an object of Rep cr. For /, 5 £ Mh^ define fr(/, g) G Dh x{V)i 1 

by 

Since tt is C-bilinear, there uniquely exists a C-linear map tt : Mh ®c Mh Dn.xiV) 
such that 7f(/ g) — 3) (/, 5 G Mh); in addition, tt is a C-algebra homomorphism. 
We denote by n{Lab)[a][b] ■ V®{[b]} {[a]}^V and Tr{{L-'^)ab)[b-^][a-^ ■ V^{[a-^]} 
{[b~^]}®V (a, b G X) the following morphisms of Vect^ (cf. ((TrT|) and pT3)) ). 

T^{Lab)[a][b] = ° P{a})'S$^<^V ° Ly oidy®(4*^ ° 4^}^^' 

Tfi{L-%b)[b-^]la-^] = (idy^(4S} °Pfa}) ° ^y' ° (*W ° '-{^W^v f- 
We define the map tt from iJX (17. ip to Dh,x{V) as follows: 

^(0 = HO e Mff 0c Mh); 7t{Lab) = rf:;^,](7f(L,b)[a][6]); 

There consequently exists a unique C-algebra homomorphism tt : C{HX} Dh,x{V) 
such that tt{x) = 7f(a;) (x £ HX). Here, C{i7X} is the free C-algebra on the set HX. 

Proposition 11.7. tt{I^) = {0}. 

Proof. From Lemma lll.21 

Lemma 11.8. For morphisms u : V®{[c\} — > {Hj'X'V^ arid v : V(^{[c^^]} {[b^^]}<^V 
o/Vect/f {a,b,c & X), 

°id{[6-i]}®(id{[b]}«)(4|L-l]f ^'"'^^-idy o a^^l_,^^^^^^^^) o 
°a{[fc]}{[6-i]}{[a]}®y o 4[bT}l{[fc-^]}®^^{W>®^ ° ° 

-fVcctu ^'J 7 — 1 

°a{[fc-i]}{[fc]}yg{i} ° '-{[b-i]}^{[6]}®iayg{i} ° V®{i}- 

From (|2.4p . Propositions I2.4II4.6[|11.61 and the above lemma, 7r(X]cex Lac{L^^)cb — 
5ab(l>) = 0. 

Let tt denote the generator (4) of the ideal in Definition 17.11 On account of the 
proof of Proposition [TL3l we can show tt{u) — 0. We leave it to the reader to verify that 
tt{u) — for the other generators u la- □ 

From Proposition 111.71 there uniquely exists a C-algebra homomorphism tt : Ac 
Dh,x{V) such that 7r(u + 1^) = tt{u) {u G C{HX}). 

Proposition 11.9. G{Lv) {V,tt) e Ob(DR(A^)). 
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Proof. By Definition 14. 3[ the following two conditions are equivalent. 

(1) tt:A,^ Dh.x{V) e Hom(Alg(^;f)). 

(2) TT : A„ Dh,x{V) is a C-algebra homomorphism such that: 

(a) TT o — /if and tt o ^if^ ^ ^f "'^^^^ 

(b) n{Lab + Ia) e DH.,xiV)[aUb] (Vfl, 6 £ X)- 

(c) TriiL-^)ab + h) eDH,xiV)ib-ii[a-^] (Va,6eX). 

We note that, by virtue of (|7.2p . the above condition (a) in (2) implies 

TT{^ + h)eDH,x{V)i,l {i£MH®cMH). 

A direct computation shows (2), and the proposition follows. □ 

By taking accoimt of the proof of Proposition 111.41 

Proposition 11.10. Every f : Ly Lw G Hom(Repcr) is a morphism o/ DR(A(j) 
whose source is G{Lv) arid whose target is G{Lw). 

For f : Lv ~* Lw € Hom(Repa), we set G{f) = f : G{Lv) G{Lw) G 
Hom(DR(A^)). 

Proposition 11.11. G : Repcr — ^ DR(Ao.) is a strict tensor functor. 

We can check that FG — idRcpo- and GF — idi3p(^(^_^-) as tensor functors; therefore, 
Theorem 11.12. The tensor categories Repcr and DIi{A^) are isomorphic. 
Corollary 11.13. Repi? is isomorphic to DR{Aji). 

Remark 11.14. If cr is a Yang-Baxter operator on X in Vectn (Definition 13. Sp . then 
the objects {X,a) of Repcr and {X^tt^) of DR{Aa) satisfy G{X,a) — {X.-k^) (See 
Propositions [SH inn and[Ml). 
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